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BY
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1. Introduction. Grove [1] has proved the existence of a remarkable class
of congruences covariantly related to a surface, each congruence of which is
a suitable projective substitute for the normal congruence. He has also shown
that there is uniquely associated with a general one of these congruences a
canonical form for the differential equations of the surface. The line of a gen-
eral one of these congruences which passes through a point of the surface he
has called the R-conjugate line at the point. The projective normal of Fubini
is a special case of the R-conjugate line, and the associated canonical form is
Fubini's canonical form.

The author [1] has presented two geometric characterizations for the
R-conjugate line at a point of the surface, one of which exhibits this line as
the cusp axis of the point with respect to the extremal curves of the integral
invariant I= [(2Rv’)"?du. These extremal curves were characterized geo-
metrically, but a geometric interpretation was not obtained for the intrinsic
relation which was known to exist between the integral invariant I and the arc
along which it is extended. The element defined by ds=(2Rv’)Y%du is a gen-
eralization of Fubini's element of projective arc length. In the present paper a
geometric interpretation of this general element is developed and used as a
basis for the formulation of such an interpretation of its integral I. These
interpretations form a geometric foundation for a detailed investigation of the
properties of the surface which are intrinsically connected with a generalized
element of projective arc length. Such an investigation is initiated in this paper.

The method employed here makes extensive use of intrinsic differentia-
tion, differentiation along a curve with respect to projective arc length of
the curve. This method consists of : first, the use of intrinsic differentiation to
obtain expressions for geometric concepts, and secondly, the application of a
canonical system of differential equations to reinterpret these expressions.

A euclidean geometric characterization has been obtained by Abramescu
[1] for the tangents of Darboux at a point of a surface. In the present paper a
projective generalization of an extension of this characterization is obtained.
This results from the removal of certain hypothetical restrictions which have
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been placed on the base curves of the characterization and the replacement of
the euclidean element of arc length by the generalized element of projective
arc length.

In §5 the associate conjugate net is defined and a characteristic geometric
property is derived for it. Similar characteristic properties are obtained for
conjugate tangents of a surface, the tangents of Darboux, and the tangents of
Segre.

An important sequence of covariant points is geometrically determined in
§6. The first three points of this sequence are used in §7 to obtain geometric
characterizations for the following differential invariants of a general curve
of an arbitrary family on a surface: a generalization of Fubini's asymptotic
curvature, a generalization of Bompiani's projective curvature, and a projective
torsion which is introduced in this paper.

In the last section applications are made to three important special R-con-
jugate lines. A unique “metric” invariant integral and a corresponding canoni-
cal form for the differential equations of the surface are found to be associated
with the normal. The normal to the surface at a point is, finally, characterized
as the cusp axis of the point with respect to the extremal curves of the assoctated
integral.

2. The fundamental canonical form. If the asymptotic net on a surface .S
in ordinary space is chosen as parametric, the four homogeneous coordinates
¥y, (1=1, 2, 3, 4), of a general point y of S may be taken to be solutions of
differential equations in Wilczynski's (so-called) canonical form

(2.1) Yuu+ 2630+ fy =0, yoo+ 2d'y.+ gy = 0.
Consider the parametric vector equations
J=9yw), p=y.—By o=y —ay
T = Yur — aYu — By, + By

(2.2)

where a and § are arbitrary analytic functions of # and v. Equations (2.2)
define general homogeneous coordinates of four points which we denote by
¥, p, ¢ and * when no confusion can arise. The line / joining the points p, ¢ is,
according to Wilczynski’s classification(?), an arbitrary line of the first kind
and generates a congruence of the first kind as y moves over S. The reciprocal
with respect to S at y of the line ] is the line }’ which joins the points y, 7.
The line I’ and congruence generated by I’ as y moves over S are said to be
of the second kind. If the functions «, B are suitably chosen, the points v, p, o
and 7 become covariant points and the congruences generated by I and I’ be-
come covariant congruences.

The most general transformation of independent variables %, v which

(1) See Wilczynski [2, p. 95]. Green [1, p. 114] used this means of classifying his canonical
edges of the first and second kinds.
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transforms u-curves into #-curves and v-curves into -curves is
(2.3) % = a(u), 7 = ().

If (2.3) is performed on system (2.1), a new system is obtained whose coeffi-
cients are

@ = G200, b = b3,/ f = f/thu

2.4
( ) d’ a'du/‘l’)i, 6/ = 'ﬁvv/zzfn g = g/.l—)”’

wherein 24 is the coefficient of y; in the first equation and 23’ is the coefficient
of y; in the second equation of the system.
The transformation

(2.5) y = uj,

where u is an analytic function of #, v, leaves the surface undisturbed and
maintains the parametric character of the asymptotic net.

Consider with Grove [1, p. 583] an invariant R of the surface—in our
notation a function of the coefficients of (2.1) which is an invariant of (2.5)—
with the following properties: (a) R0, (b) the transform R of R by (2.3) is
R=R/u,5,. The transform of dudv by (2.3) is given by d#d 9 =1, 5,dudv. Hence
the quadratic form

(2.6) (ds)? = 2Rdudy

is absolutely invariant under (2.3) and (2.5).

The most general transformation which preserves the parametric char-
acter of the asymptotic net and at the same time maintains Wilczynski’s
canonical form (2.1) is(?)

(2.7 y = C}.’/(auf’v)ln’ u

a(u), 7 = 9(v), ¢ = const.

Consider the points x,, x, where x is defined by x = R"y, h=const. From
property (b) and equations (2.7) we obtain

(2.8) (Rhy)u‘ = fy( [ﬁui’vﬁ]hf’/ [aui'v]lm)ﬁy (R*y)» = 9( ['ﬁuﬁvl—e]hf’/ [uui'v]lm);-

These relations show clearly that x,, x, are covariant points if and only if
h=1/2. The transformation y=x/R!? transforms system (2.1) into the gen-
eral canonical form of Grove: '

Xuuw = Px + 0uxu + va,
Tyy = g% + Yxu + 0,2,
wherein f=log R, B=—2b, y=—2a', p=—f+b0,+0,./2—6%/4 and

(2.9)

(2) See Wilczynski [1, p. 256].
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¢g=—g+a'8,+80,./2—6/4. The points x,, x,, X4, are covariant points. The
points x,, x, are the intersections of the R-harmonic line with the asymptotic
u- and v-tangents to S at x, and the point x,, lies on the R-conjugate line and
is characterized geometrically in an obvious manner. The R-conjugate and
R-harmonic lines are not only reciprocals with respect to S at x but as x
varies over S they generate congruences which are respectively conjugate and
harmonic to S.

The forms (2.6) and (2.9) are generalizations of Fubini’s normal form and
canonical forms respectively, and the R-conjugate line is a generalization of
Fubini’s projective normal. Each of these forms of Fubini corresponds, as
does also the projective normal, to the selection R =8vy. Because of its unique
association with the R-conjugate line, it seems appropriate to call the form
(2.9) the R-canonical form.

3. The geometric characterization of the integral invariant. Consider any
two covariant (geometrically determined) points w; and ws which are collinear
with x but do not lie in the tangent plane to S at x. The general coordinates
for w; and w. are given by w1 =Xy, —cxy —dx,+7x, we=w;—Rx/2, wherec, d, r
and R are functions of %, v whose values depend on the selection of w;, ws.
Referred to a local tetrahedron whose vertices are the points

X, p=12%X,—dx, =2, — CX, i,

the equation for a general quadric of Darboux may be easily found to be

3.1) Xox3 — X1%4 + kxi =0,

where & is an arbitrary function of #, v. The unique quadric which passes
through the point w. has the equation

(32) 2(.’)023(73 - x1x4) - in = 0.

Putting x; =0, we obtain the equation

(3.3) 2x9%3 — Rz = 0

for the cone whose vertex is the point x and which passes through the conic
of intersection of the plane x,=0 with the quadric (3.2). An arbitrary genera-
tor I/ of this cone joins the points x, 2(wiz+Rp)+h20, h=arbitrary const.
The reciprocal of I/, which we denote by I/, joins the points p+hx/2,
o+ Rx/h. The equations for /; are therefore

(3.4) 2hxy — h*xy — 2Rx3 = 0, x4 = 0.

As £ is varied while u, v are held constant the line /) generates the cone (3.3),
and the line /; envelops a conic (° whose equation, when referred to the tri-
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angle of reference whose vertices are the points x, p =x,—dx, 0 =x,—cx may
easily be found to be

(3.5) %3 — 2Rxax3 = O.

This conic touches the asymptotic u- and v-tangents to Sat x inthe points p and o,
in which the reciprocal of the line joining w, w, intersects these tangents. This
important conic plays a basic role in the geometric determinations of the pres-
ent paper.

An arbitrary one-parameter family of curves on .S is defined by the curvi-
linear equation

(3.6) dv — NMu, v)du = 0,

where \ is an arbitrary function of %, v. We shall denote by F, the family
defined by (3.6) and by C\ the curve of the family which passes through the
point x.

The differential form

(3.7) . ds = (2RN)'2du,

which corresponds to an arbitrary selection of covariant points w;, ws, is an
absolute invariant under the most general transformation of independent and
dependent variables maintaining the asymptotic net as parametric.

To provide a geometric interpretation for ds let ¥ denote a point on the
tangent to C» at x and let N and N denote the points in which this tangent
intersects the conic (°. We define the non-euclidean distance from x to ¥ to be

(3.8) D,y = (x, N, ¥, N)/2.

The general coordinates of N and N are given by N=p-+Aa+ (2R\)"2x,
N =p+Ao—(2R\)2x. Let X denote a point near to x on the curve Cy, where
the curvilinear coordinates of x and X are (u, v) and (u—+ 6u, v+ dv), respec-
tively. Since X =x(u+ du, v+ 6v) and the limit of 6v/6u as du tends to zero
is Mu, v), for sufficiently small values of éu the general coordinates of X
may be given by the expansion

X = x + (x4 + Mx,)0u + terms of order éu? at least,
wherein x=x(u, v). Hence coordinates of X differ only by terms of order

du? from those of the point X; on the tangent to C\ at x given by X;=x
~+ (xu4MAx,) 6u. Therefore the principal parts of the infinitesimal cross ratios

(xv —]\7, X) N)y (xy Nv Xlr N)
are identical. It may be easily shown that this principal part is the absolute

differential invariant (3.7).
To interpret geometrically the integral of the form (3.7) extended over a
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finite arc of Cy let 4 and B denote the end points of the arc, and let (uo, vo)
and (%, v) denote the curvilinear coordinates of A and B, respectively. Let €
be a positive number, and divide the arc 4 B by means of intermediate points

X;, (¢=1,2,---,n—1), into n smaller arcs. Let the curvilinear coordinates
of X be (u, i), where u,=u and v,=v, and where
[(uk - uk—l)2 + (vk - vk—l)2]1/2 é €, k= 17 27 R ()

with € tending to zero as n increases without limit. Then if we put u;—us_
= 6uy, and vy —vr_y = 6vx, we have

I= ds = lim Y Dx, ,x,

AB n—0 k=1
We have therefore

THEOREM 1. The integral of the form (3.7) extended over an arc AB 1is the
limit of the sum of infinitesimal non-euclidean distances, each of which is defined
at a separate point X x_1 of the arc as one-half of the principal part of the corre-
sponding cross ratio (X i_1, N, X, N) which is geometrically determined at X j_,.

We shall call the integral I extended over an arc of S projective arc length
with respect to the form (3.7).
It may be observed that Fubini's element of projective arc length

(3.9) ds = (2By\)'2du

s a special case of (3.7).

4. The tangents of Darboux. Let C be a curve of normal section of a sur-
face S (in euclidean space) through a point x on S. Let M, M, be points at
distances s and —s from x measured along C. The line MM, intersects the
tangent to C at x in a point T,. Abramescu [1] has recently obtained the fol-
lowing results: The limit of T, as s tends to zero is a point T distinct from x.
The locus of T as C varies through the set of normal sections is a rational cubic
curve. The lines joining the point x to the points of inflection of this cubic curve
are the tangents of Darboux. ‘

These results may be extended as follows. Let the curve of normal section
of S be replaced by an arbitrary curve Cy of S. Let X;, X, denote the points
at distances s and —s measured from x along C». Let T, denote the point in
which the tangent plane.to S at x intersects the line joining X;, X,. It may be
easily shown that if the curves C and C\ have at x a common osculating plane,
the limit points of T, and T, as s tends to zero coincide in the point T. Thus the
normal sections of S may be replaced in the characterization by less restricted
curves. )

These results are capable of projective generalization as follows. Let pro-
jective arc lengths s, —s be measured with respect to the form (3.7) from the
point x along the curve C\. Let the end points of this arc be denoted by x(s),
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x(—s). The line joining x(s), x(—s) intersects the tangent plane to Satxina
point which will be denoted by P,.

THEOREM 4.1. The limit of the point P, as s tends to zero is a point Py, dis-
tinct from x, which lies on the tangent to Cx at x. The locus of Py as the direction
of Cx is varied at x is a rational cubic curve. The lines joining the point x to the
points of inflection of this cubic are the tangents of Darboux. The line joining the
three points of inflection is the R-harmonic line (the reciprocal of the R-conjugate
line).

To prove this theorem we shall need the expressions for the first, second
and third derivatives of x with respect to s, where ds is defined by (3.7). By
making use of the fundamental differential equations in the R-canonical form
(2.4) of Grove we obtain

4.1) dx/ds = (x4 + Ax,)/(2RN)1/2,

4.2) d?x/ds? = (Xuy — ¢y —dx, + nx)/R

wherein ¢, d and 7z are defined by
¢ = (N4 022 — BA—29N) /4N2,  d =— (N 428 — 8.\ + B,02) /4N,
n=(p+ q\)/2\ N o= N4,

(4.4) déx/ds® = (Axus + Bxu + Cx, + Dx)/R(2RN)Y/?

(4.3)

wherein

A4 = (YN + B)/2\,

B = 04y + By + Mx — cu — coh — YN+ 5+ O\,

C =My +My+ 1T —dy — d\ — B+ n\+ db,,

D = p,+ Bg + nu = cp — m8s + Ngu + vp + 7, — dg — n8.),
x=q¢+v0u+7v, M=p+p0,+B, 06=IlogR.

If we take s as the independent variable, for sufficiently small values of s
the general coordinates of x(s) and x(—s) are given by the expansions

4.5) x(s) = x 4+ (dx/ds)s + (d?x/ds?)s?/2 + (d3x/ds®)s?/6 + - - -,
(4.6) x(—s) = x — (dx/ds)s + (d?x/ds?)s?/2 — (d3x/ds®)s3/6 + - - - .

The general coordinates of the point P, may be found by forming a linear
combination of x(s) and x(—s) which is free from terms involving x.,. By
making use of the equations (4.1), (4.2), (4.3) and (4.4) we find that the coeffi-
cient of x,, in x(s) is given by s2/2R+ ANs3/3(2R\)3/2+terms of order s*. Since
the expansion for x(—s) differs from that of x(s) only in the signs of its terms
of odd degree in s, the coefficient of x,, in %(—s) must be given by
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s2/2R— ANs3/3(2R\)3/2+terms of order s*. Hence the point P,, except for
terms of order s%, is represented by the linear combination

[1/2R + AXs/3(2RN)*2]x(— s) — [1/2R — AXs/3(2RN)3/2]x(s).

Performing the operations indicated by this combination and omitting an un-
essential factor s, we find the general homogeneous coordinates of P, to be
defined by

24ANx/3(2RN)¥2 — &' /R + [ANa"/3(2RN)¥2 — x""/6R]s?

4.7)
+ terms of order s® at least.

The limit of the point P, as s tends to zero is the point P,, distinct from x,
which lies on the tangent to C) at x and whose general homogeneous coordi-
nates (except for a non-essential factor) are given by

(4.8) (YN + B)x — 6Axy — 6A2,.

As the direction \ is varied while #, v are held constant, the point P, describes
the rational cubic curve whose equation is

(4.9) ys + By + 6x4x2%5 = 0,

when referred to the triangle whose vertices are the points x, x, and x,. The
three points of inflection lie on the line whose equation is x;=0. Since the
points x,, x, also lie on this line, it is the R-harmonic line. The equation

(4.10) vy + Bz =

represents the three lines which join the point x to the different points of in-
flection. The form of equation (4.10) identifies these lines as the tangents of
Darboux. This completes the proof of the results stated in the opening para-
graph of this section.

If N\ satisfies the equation yA3+B=0 it is a direction of Darboux. There-
fore,

THEOREM 4.2. The point Py which corresponds to a direction \ lies on the
R-harmonic line if and only if X is a direction of Darboux.

Since the coefficient of x,, in the form (4.4) for the coordinates of the point
d3x/ds® is (YN*+B)/(2RN\)%'2, we have

THEOREM 4.3. The point d3x/ds®, whereds = (2RN)V2du,\# «,and Ris an
arbitrary function of (u, v), lies in the tangent plane to S at x if and only if the
direction N is a direction of Darboux.

5. Theorems on nets. The curvilinear differential equation of an arbitrary
net Ny, on the surface S can be written in the form
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(5.1) (dv — Ndu)(dv — Ndu) = 0,

where \, \; are arbitrary functions of %, v. There exists on S a conjugate net
uniquely determined by the net Ni,»,, such that at each point of S its tan-
gents separate the tangents of the net Ny, harmonically. This net will be
called the associate conjugate net of the net Nxx, (Green [2, p. 213]). Its differ-
ential equation is found to be

(5.2) dv? — N\ du? = 0.

A remarkable characteristic property of this net may be obtained as fol-
lows. Let projective arc lengths s, —s be measured with respect to the form
ds=(2Rv’)'2du from the point x along the curves Cy, Cx,. Let the end points
of these arcs be denoted by x(s), x(—s) and x:(s), x1(—s), respectively. The
line joining the points x(s), x:(s) and the line joining the points x(s), x1(—s)
intersect the tangent plane to S at x in points which we denote by Q, and Q,,
respectively.

THEOREM 5.1. The points Q, and Q, approach limit points Qo and Qo, re-
spectively, as s tends to zero. The tangents to S at x joining x to the separate
points Qoand Qo are the tangents at x of the associate conjugate net of the net N .

To prove this theorem consider the general coordinates of the points
x(s), x1(s), x1(—s). The coordinates of x(s) for small values of s are given by
the expansion (4.5), wherein the derivatives are defined by (4.1), (4.2) and
(4.4). The coordinates of x:(s) are obtained from those of x(s) by replacing A
by A\i. The coordinates of x;(—s) may be obtained from those of x:(s) by
changing the signs of the terms containing odd exponents of s. The coefficient
of x4, in x(s) is given by s2/2R+ (YN*+B3)s%/6(2RN)%2+terms of order s* at
least. The coefficients of x,, in x:1(s) and x:(—s) are (except for terms of order
s*) given by s2/2R~+ (YA} +8)s3/6(2R\,)%2 and s2/2R — (yA}+B)s3/6(2R\,) %2,
respectively. Therefore, except for terms of order s3 at least, the points Q,, 0,
are given by

(1/2R + [ + Bls/6[2RN]" " 2(s) — (1/2R + [yA: + B]s/6[2RM ] 2(s),
(1/2R + [ + Bls/6 [2RN] ) 2i(= 5) — (1/2R — [yai + Bls/6[2RM 1" %(s),

respectively. The developments for x(s), x:1(s), x1(—s) which are needed are
(except for terms of order s? at least)

x(s) = x4+ (wu + Axy)s/(QRNY2 + - - -
21(5) = % + (%u + M2)s/QRA)VE + - - - |
2= ) = x — (%u + Mw)s/QRA) V2 + - - - . )

Performing the operations indicated in the expressions for Q,, Q. and neglect-
ing unessential factors, we obtain the following forms:
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(5.3) (v = B/AD 4+ M + M) % + 20 — Aoz,
(5.4) (vhs + B/)\;)()\ F A= )X — Xy — Aaky, Ay = ()\)\1)1/2,

for the general coordinates of Qp and Q,, respectively. Since the directions of
the lines joining x to the points Q; and Qo are, respectively, —(A\;)!/2 and
(AM\1)V2, the proof of the theorem is complete.

Consider, as a special case of the net N,,»,, the conjugate net N,. If we
replace A\; by —\in (5.3) and (5.4), we obtain the forms

(5.5) (7N + B/ND)iNx + % — A%y,

(5.6) (IYN — B/N)iNx + 2 + iz, = (— 1)V2

for the coordinates of the associated points Qy and Qq, respectively. If, how-
ever, we replaceAby —\,, the forms (5.5) and (5.6) are interchanged. The rea-

son for this rather surprising fact becomes clear if we notice the effect of these
replacements in the equation

(5.7 ds = (2RN)'2du = (2R\)Y2du,
which determines at x the sense of direction of x along Cy, which corresponds

to a given sense of direction of x along C. If we put —X\ for Ay in (5.7), we
have at x

(5.8) du = idu,.
If, however, we put —X\; for X in (5.7), we have at x
(5.9) du = — idu,.

The senses of direction defined for x along Cy, by (5.8) and (5.9) are, clearly,
opposed to one another. Hence, the order of the determination of the points
Qo, Qo which corresponds to (5.9) is the reverse of that which corresponds to

(5.8).
The line joining the points Qo, Qo has the equation
(5 10) X1 + 'y)\2x2 + Bxa/)\2 = V.

It will be called the Nj-associate of the R-harmonic line. This line intersects
the R-harmonic line in a point of the tangent to S at x whose equation is

(5 11) 'y)\2x2 + Bx3/)\2 = 0.
This tangent will be called the Nx-correspondent of the tangent to C at x.

The following theorems are immediate consequences of the form of equa-
tion (5.11):

THEOREM 5.2. The Ny-correspondent of the tangent to a non-asymptotic curve
Cx at x coincides with this tangent if and only if it is a tangent of Darboux.
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THEOREM 5.3. The tangent to a non-asymptotic curve Cy at x and its Nx-cor-
respondent are conjugate tangents if and only if \ is a direction of Segre.

If \; is made to approach ), the point Qo tends to a limit point Q whose
general homogeneous coordinates are found, by replacing A\; by N in (5.3), to
be given by

(5.12) 3(YA — B)x + Axy — N2z,

Since the ratio of the coefficient of x, to that of x, in (5.12) is equal to —N\,
we have

THEOREM 5.4. The line joining the points x and Q and the tangent to Cy at x
are conjugate tangents.

The equation obtained by equating to zero the coefficient of x in (5.12)
is satisfied by the three directions of Segre. Hence we have

THEOREM 5.5. The tangent to Cy at x is a tangent of Segre if and only if the
associated point Q is the intersection of the R-harmonic line with the conjugate
of the tangent to C at x.

As \ is varied while «, v are held constant, the point Q describes a rational
cubic curve whose equation, referred to the triangle whose vertices are x, x,,
%,, is easily found to be

(5.13) vty + By — H(m12ams) = 0.

This cubic has geometric properties similar to those of the cubic (4.9).

6. A sequence of covariant points. The points of the sequence x(? =dix/ds?,
(G=1,2, - ), where ds=(2R\)Y2du, are covariant. A general one of them is
intrinsically and projectively related to the curve C, at x. A geometric inter-
pretation of this relation will be presented in this section. The points
2@ —xU=1 and P 420~V will play basic roles in this interpretation.

Let C(4, —), C(j, +), and C(j) denote, respectively, the curves described
by the points (P —x (=D x4 xG-D and x as x moves along C\.

The point x' = (x,+Nx,)/(2RN)Y2 1s, clearly, the intersection of the tan-
gent to C\ at x with the R-harmonic line. If the fundamental points wi, ws,
wy—ws=Rx/2, are selected on the R-conjugate line, the associated conic (2,
referred to the triangle whose vertices are x, x,, x,, has the equation (3.5).
This conic intersects the tangent to C, at x in the points x’+x and x’ —x.
The tangents at these points to the curves C(1, —), C(1, +4) intersect the
tangent at x’ to the curve C(1) in the points x’'+x’ and x"" —x’. The point x'’
is clearly the harmonic conjugate of the point x’ with respect to the points x'' +x’
and x'' —x'. Similarly the tangents at x’’ +x’ to the curves C(2, ) intersect
the tangent at x’’ to the curve C(2) in the points x’"’+x'’ and x’’' —x'’. The
point x''' is the harmonic conjugate of x'' with respect to the points x"'' +x'’. It
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is quite clear that the entire sequence x¥ +x¢=V (j=1, 2, - ), is deter-
mined in this way, such that x® is the harmonic conjugate of x*—V with respect
to the points x +x%=D and x® —x*=D for an arbitrary integer j=k.

The geometric locations of the points '’ and x’’’ will help to form geo-
metric interpretations for the second and third order differential invariants
of C» known as projective curvature and projective torsion.

7. Differential invariants of a curve on a surface. Fubini's asymptotic
curvature and Bompiani's projective curvature are second order differential
invariants of a curve Cy on a surface S. Bompiani's projective torsion of Cy
is a third order differential invariant. These invariants have been defined
analytically by the respective forms

(7.1)  xa = R(dus'v — dvs'w) /95
(1.2) &= e+ s/205 ",
T = [R(dud’s — dvs'u)s — kabs b3/2
+ 3R(Bdu262u — 'ydv26221)¢2 — Gsbs/4 + %d’z - $4¢2]/¢':

(7.3)

wherein ¢, =2Rdudv, ¢s=2R(Bdu’+vdv?), ¢3=2R(Bdu’—~dv?), Y= (p+36Y¥/2)
du?— (g+3v®/2)dv?, ¢s=BRPdu* —yRYdv*,¥ = (log BR),, = (log YR)., dv/du
=\, R=py, and &%, 6%, 6%, 0% represent contravariant differentials con-
structed with respect to the form(3) ¢..

Bompiani(*) has obtained geometric interpretations for the infinitesimal
invariants kL2, kpi/2, and T¢?, where ¢, =2Bvdudv. However he has given
no geometric interpretation for «,, k, or 7.

The invariants k,, k, T are special members of the classes which we intro-
duce and denote by {«.}, {«}, {T}, particular members of which may be
obtained by selecting R from among all of the functions for which (2R\)Y*du
is an absolute invariant of Cy. In this section a general member of each of the
classes {«.} and {k} will be characterized geometrically, and a general mem-
ber of a new class of projective torsions { T'} will be introduced and charac-
terized geometrically. Each of these general invariants will be designated by
the name of its corresponding original invariant together with the added
phrase “with respect to the form ds=(2RN\)V2du.” The members of the class
{T} will be shown to be very closely related to corresponding members of
the class { T'}. However, a purely geometric interpretation for a general mem-
ber of {T} has not been discovered by the author.

(3) It should be observed that these differential invariants are not the usual ones unless
R=py. If this restriction is removed they become extensions of the usual ones.

(*) See E. Bompiani, “I fondamenti geometrici della teoria proiettiva delle curve e delle
superﬁcii:,” Appendix II of Geometria Proiettiva Differenziale, G. Fubini and E. Cech [1, pp.
691-697 |.
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Consider the conic (2 whose equation is (3.5) referred to the triangle whose
vertices are x, p, 0. The lines which are tangent to (° at the points in which the
tangent to Cy at x intersects (° will be called the (°x-associates of the line !
joining p, ¢ and will be denoted by I+ and /x,—. Their respective equations
referred to the triangle whose vertices are x, p, ¢ are easily found to be

(7.4) %1+ (2RN)Y2x9 + (2R/N)V2x3 = 0,
(7.5) %1 — (2R\)Y2xy — (2R/N)V2x3 = 0.

The crossjoins of the intersections of the lines /), and /), with the - and
v-tangents of S at x will be called the (Cx-associates of I and will be denoted by
I+ and I ,_. Their respective equations are

(7.6) %1 — (2RN)2xq + (2R/N)!V2x5 = 0,
(7.7 %1+ (QRN)Y2xy — (2R/N)V2x;3 = 0.

Let I/ denote the line joining the points x and x’’ and let /» denote its
reciprocal with respect to S at x. The R\-correspondent(®) of the tangent to C»
at x intersects the R-harmonic line, the (°) associates of the R-harmonic line,
and the line I; in the points which we denote by K;, K4, Ks, respectively.
Referred to the triangle whose vertices are the points x, x,, x,, the equations
for the above named lines are, respectively, ¥YA2x;+Bx; =0, x;=0, (7.6) and
(7.7), and x1+dxs+cx;=0 where ¢ and d are given by (4.3). The local coordi-
natesof Ky, K., K_, Kz are easily found to be (0, yA2, —B), ([2RN]V2[yA3+8]/\,
7)‘27 _B)r ('— [Z'R)\]ll2 [7)‘3"{'6]/)" 7)‘2) —ﬁ)’ (—d'y)\'-’+cB, 7)‘2r —B)y respec-
tively. Since

— dyN2 4 B = (N 4 0,02 — 0.0 (VA® + B)/4Ne,

the cross ratios (x, K1, K+, K2) may be found by evaluating (=, 0, + [2R\]V2,
[N 4+0.22—0,1]/4\) to be + (N 40,\2—0,\)/4N(2RN)V2. But the expression
for the asymptotic curvature of C\ at x with respect to the form (2R\)Y2du
becomes

(7.8) N 4 8,22 — 0.0) /2N (2RN) 12, 6 = log R,

when % is regarded as the independent variable. Thus we have proved

THEOREM 7.1. The asymptotic curvature of Cy at x with respect to the form
ds =(2RN\)'?du is characterized by the cross ratio equations k. =2(x, K1, K4, K»)
=—2(x,K,,K_, K;).

The expression for the projective curvature of Cy at x with respect to the
form ds = (2RN)Y2du becomes

(7.9) (N 4 B — 6.\ + 8,02 — 4A3) /2N (2RN)1/2

(%) See P. O. Bell [2, p. 392] and The Ry-correspondent of the tangent to an arbitrary curve of
a non-ruled surface, Bulletin of the American Mathematical Society, vol. 47 (1941), pp. 509-511.
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when % is regarded as the independent variable. To characterize this invariant
let My, M+, M, denote the intersections of the tangent to C_, at x with the
R-harmonic line, the (°;-associates of the R-harmonic line, and the line l,
respectively. The local coordinates of M;, M4, M, are readily found to be
(0,1, =N), (£2[2RN\]¥2, 1, —N), ([N +B—0.M+0.\2—4A3]/2\, 1, —\). Hence
the values of the cross ratios (x, My, My, M;) are equal to +(\ 4+8—0,\
+0,22—A3) /AN(2RN) /2. Therefore

THEOREM 7.2. The projective curvature of Cx at x with respect to the form
ds = (2RN\)"*du is characterized by the cross ratio equations k=2(x, My, M., M)
= —2(x, Ml, M_., Mz)

The curvilinear differential equation for the extremal curves of the in-
tegral invariant [(2R\)Y2du is easily found to be

(7.10) N 406 —0A=0 6=1logR

We shall call these curves the projective geodesics of the surface with respect to
the form ds=(2R\)Y%du. The projective geodesics of Fubini are obtained by
putting R=v8in (7.10).

The curvilinear differential equation for the union curves of the R-con-
jugate congruence is found by analogy with (7.10) to be

(7.11) NA4+B—0A+ON — =0, 6=logR.

If we consider the forms (7.8) and (7.9) in connection with equations
(7.10) and (7.11), respectively, we have at once

THEOREM 7.3. A curve C» is a projective geodesic of S with respect to a form
ds = (2RN)'V2du if and only if at each of its points its asymptotic curvature with
respect to the same form vanishes.

THEOREM 7.4. A curve C» is a union curve of an R-conjugate congruence if
and only if at each of its points its projective curvature with respect to the form
ds = (2R\)'2du vanishes.

Let fz',i denote the reciprocals with respect to .S of the (°x-associates of the
line l;, and I{ denote the line joining the points x and x’’’. Let 7,+ and
denote the planes which pass through the respective lines /, + and J and
which have the tangent to C, at x as common intersection. Let 7 and m de-
note, respectively, the tangent plane to .S at x and the osculating plane of
Cy at x. The expression defined by the cross ratio equations

(7. 12) T = (s, w, w3, 7_|'2.+) = — (mq, m, w3, ;2-—)

is an absolute differential invariant of Cy of the third order. Because of the
suitability of this invariant as a projective substitute for torsion, the author
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proposes that it be called the projective torsion of Cy at x with respect to the
form ds=(2RN)Y*du.

The polar reciprocals of the planes g, m, 73, T2,+ With respect to a quadric
of Darboux are the points My, x, Ms, M, . all of which lie on the tangent to
C_, at x. The points M,, M; are the intersections of this tangent with the
lines Iy, /3 which are the reciprocals of /7, I with respect to a quadric of
Darboux, and the points M, . are the intersections of this tangent with the
(x-associates of J,. Since the cross ratio of four planes is equal to that of the
four points which are their polar reciprocals with respect to a quadric of Dar-
boux, the expression for T may be obtained by evaluating the cross ratio
(Mq, x, M, M,,.). Making use of the local coordinates of M, x, Ms, Moy,
respectively, (M/2X, 1, —\), (=, 1, —=X), (2N [H—x)\z—d’+c')\—q8+d‘y)\2
+d0,—cO 2]/ [¥A3+B], 1, =N), (M/2N+£2[2R\]V2, 1, —\), wherein M=\’
+6_0u)\+0v)\2_'y)\3y H=P+Bov+.8vr X=q+70u+7u, 0=10g R! we ﬁnd

T = [2\(M' 4 211N — 2x)\3)

7.13
719 — M3N + B4 6N + 0,22 4 Y\ [/AN(2RN) V2 (yN* + B).

The invariant T given by (7.3) with By replaced by a function R may be
shown to be related to the author’s invariant T by the simple formula

Tde = Tds,

in which do is the projective linear element defined by do = (Bdu®+vydv?®)/dudv
and ds is the generalized element of projective arclength defined by ds = (2R\)*du.

If at a general point x of a curve C, the osculating plane of C contains
the point x’’’, the osculating plane is stationary and the curve C, is a plane
curve. In this case the planes T, and 7; coincide at every point of C»;and 7,
therefore, vanishes identically along C\. Moreover, equation (7.13) shows that
if C\ is not an asymptotic curve, T can vanish identically along Cy only if its
numerator does. If the numerator of T vanishes identically along C,, the
points Ms, M3 which correspond to a general point of Cy must coincide. Hence,
their polar reciprocals s, 73 must also coincide and the osculating plane . is,
therefore, stationary. To summarize:

THEOREM 7.5. A curve C\ is a plane curve if and only if at a general one of
its points its projective torsion with respect to the form ds = (2RN)V2du is equal to
zero.

The equation obtained by setting the numerator of the expression for T
equal to zero is the curvilinear differential equation for all of the plane curves
of S. , _

It may be observed that although all of the results up to this point have
been developed in association with a general form ds=(2R\)Y%du, a consid-
erable number of them are, clearly, independent of R.
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8. Special conjugate congruences. In a recent paper [1, p. 681] the author
has shown that the R-conjugate line may be characterized geometrically in
association with the curves which a pair of covariant points w;, w. describe
as x moves along C\. To complete this characterization for special cases of the
R-conjugate line, corresponding pairs of points w;, w, must be located.

The projective normal is the special case of the R-conjugate line which may be
defined itn association with the points wy, we given by

(8.1) w1 = 7 — 2ad’by, w2 = 7+ 2a’by

wherein 7 =y,, —ay, —By,+afy. Geometric determinations, which do not de-
pend on the definitions of the quadrics of Wilczynski and Lie, have been given
by the author [2, p. 392] for these points. These determinations supplement
the method of [1, p. 681] to complete a simple geometric determination of
the projective normal.

The following considerations serve to introduce another important special
case of the R-conjugate line. Let /; denote a general line of the first canonical
pencil. The line /; intersects the tangents of Sat y to the asymptotic - and
v-curves in the points p, ¢ defined in (2.2) where

B = (log a’?b)./k — (log a’b)./2,

®-2) a = (log b%a’),/k — (log a’b),/2.

The lines Iy, I3, ls and I, are the first directrix of Wilczynski, the reciprocal of the
axis of Cech, the first canonical edge of Green, and the reciprocal of the projective
normal, respectively. As y moves over S the points p, o of I, generate trans-
versal surfaces S, and S, of the congruence described by l;. The v-tangent at p
to S, intersects /i, the reciprocal of I, in the point which we denote by 7,
whose coordinates are given by 7, =7—@,y, where «, 8 are the functions (8.2).
Likewise the u-tangent at ¢ to .S, intersects I/ in the point which we denote
by £x whose coordinates are given by &r=7—a,y. If welet wy =7, wa=£i, we
have w;—w;= (log b/a’)u.y/k. Hence we have

THEOREM 8.1. If the fundamental points @1, o2 are chosen as the points i,
&x on a canonical line I of the second kind, the associated R-conjugate line is
independent of k and joins the points y, v defined by (2.2) wherein the asso-
ciated functions o, B are given by o= —(log R),/2, 8= —(log R)./2 with
R=(log b/a’)u..

Consider the following problem. Find an integral of the form [(2RN)!*du
with the following properties: (i) it is absolutely invariant under the most general
transformation of variables which maintains the parametric character of the as-
ymptotic net of S and the metric properties of any orthogonal cartesian coordinate
system to which S may be referred, (ii) the normal is the cusp axis of x with re-
spect to the extremal curves of the integral.
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This problem is found to possess a unique solution (except for an unessen-
tial arbitrary constant factor). Let any orthogonal system of cartesian co-
ordinates be established in ordinary metric space. Let x denote a vector from
the origin to a point on the surface .S wherein the coordinates 9, (1=1, 2, 3),
are measured with respect to equal units on the three axes. Let the asymptotic
net be parametric. Let X denote the unit normal to S at x. The first funda-
mental form is given by Edu?+2Fdudv+Gdv? where E, F, G are defined by
the scalar products

= (#u| %), F=(2u|%), G=(x]n).

The second fundamental form is given by 2D’dudv where D’ = (X ]xm,). The
fundamental differential equations which are satisfied by x, X are known
to be

= {11, 1}x. + {11, 2} x,,

= {21, t}w. + {12, 2}2, + D'X
(8.3) = {22 1} e + {22, 2} 2,
X,, = FD'x,/H* — ED'x,/H?,

X, = — GD'x,/H* + FD'x,/H?,  H? = EG — F?,

where { ik, l} denote the Christoffel symbols(®) of the second kind for the
first fundamental form.
The equation of Gauss,

(8.4) HK = (H{11, 2}/E), — (H{12, 2} /E).,

where K is the total curvature defined by K= —D’?/H?, and the equations of
Codazzi,

8.5) D! — ({11,1} = {12,2)p’ =0, D! — ({22,2} — {21,1})D’ =0,

are the three integrability conditions of (8.3).
By means of the definitions of the Christoffel symbols it is easy to show
that

(log H). = {11, 1} + {12,2},  (logD"), = {22, 2} — {21, 1}.

Making use of these identities and the Codazzi equations (8.5) to solve for
{11, 1}, {12, 2}, {22, 2} and {21, 1} in terms of H and D’, we obtain the
following form for the first three differential equations of (8.3):

Xyu = ouxu + {11» 2}x,,, Xupy = VoXu + VuXy + D,X
= {22, 1}x, + 6,4,
where §=log (HD')V?2, y=log (H/D’)\2.
(%) See, e.g., E. P. Lane [1, p. 222].

(8.6)
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The homogeneous cartesian coordinates ¥, x¥, x®, 1 of x may be re-
garded as special projective coordinates of x which are referred to the tetra-
hedron of reference whose faces are the three cartesian coordinate planes and
the plane at infinity. The unit point must, of course, be properly selected so
that the system is cartesian. Let us determine the transformation ux =& which
converts homogeneous cartesian coordinates x into coordinates % which satisfy
the differential equations in the unique R-canonical form whose associated
R-conjugate line is the normal to S at z. Differentiating the equation & = px we
find Zu = pxu+puX, B =pxo+ 1o, Tuo =PXus~+Ro%u+tuXs+puox. Let us choose u
in such a way that #,, lies on the normal to S at x. The point xu, —vsXu —vux,
is the point at infinity on the normal to S at x, for its fourth coordinate is,
clearly, zero and the second equation of (8.6) shows that its first three coordi-
nates are direction numbers of the normal to S at x. The coordinates of any
selected point on the normal to S at x may be represented by a suitably chosen
linear combination of the corresponding coordinates of the points x and
Xuy — VoXy — VuXy. The point %,, will therefore lie on the normal to S at x if and
only if u satisfies the equations (log u), = —»,, (log u). = —».. Integrating these
we obtain u=k(D’/H)Y2, k=arbitrary constant. The effect of the transforma-
tion £=k(D’'/H)V2x on the first and third equations of (8.6) is to produce a
system of the form (2.4) wherein

0 =log (D'*/H)'2, B ={11,2}, v = {22,1},

p = [(H./H) — (D! /D')?]/4 + {11, 2} [log H/D']./2
— [(H/D")2).u/(H/D)M,

¢ = [(H./H)? — (D! /D")?]/ 4+ {22, 1} [log H/D']./2
— (/D). /(H/D)M,

The normal is therefore the R-conjugate line for which R=Fk(D’3/H)'2, k =arbi-
trary const. Since, moreover, K= —D’2/H? we have R=cKY‘D’, c=arbi-
trary const. The differential form 2K"*D’dudv is absolutely invariant under
all transformations which maintain the orthogonal cartesian properties of the
coordinate system and the parametric character of the asymptotic net. Both
the total curvature K of S at x and the second fundamental form 2D’dudv
are intrinsically connected with S at x. Let us recall that if we consider a
point x(s+As) near to x(s), where s denotes length of arc along a curve C,,
for an arbitrarily selected parametric net, the associated second fundamental
form of S is equal in absolute value to twice the principal part of the distance
from the point x(s+As) to the plane which is tangent to .S at x(s).

The above results in combination with Theorem (2.3) [1, p. 681] yield the
following

THEOREM 8.2. If the surface S is referred to its asymptotic net as parametric,
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the normal to S at a non-parabolic point is the cusp axis of x with respect to the
extremal curves of the integral invariant

f (2K'*D' dudv) /2,

where 2D’'dudv is the second fundamental form of S and K is the total curvature
of Satx.
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